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Abstract. The need to solve a polynomial minimax approximation problem appears often in science. It is
especially common in signal processing and in particular in filter design. The results presented in this paper
originated from a study of the finite wordlength restriction in the FIR digital filter design problem. They are,
however, much more general and can be applied to any polynomial minimax approximation problem in which the
polynomial coefficients are constrained to afinite set of numbers. The finite set restriction introduces a nonzero
lower bound to the approximation error. For any given non-trivial function that is to be approximated thereisa
nonzero lower bound below which it is not possible to go, no matter how large the polynomial degree n. For
practical purposesitisvery useful to know thislower bound because it can be used to substantially increase the
speed of the branch-and-bound algorithm that gives the optimal integer coefficients. A method for computing such

abound is presented in the paper.
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Spodnja meja aproksimacijske napake pri celostevilski polinomski

minimax aproksimaciji

Povzetek. Potreba po reSitvi polinomskega minimax aproksi-
macijskega prooblema se pogosto pojavlja v znanosti. Posebno
obiCajnaje v procesiranju signalov in e posebg pri hatrtovanju
filtrov. V tem ¢lanku opisani rezultati so nastali iz Studijavpliva
omegjitve dolZine besede na natrtovanju KEO digitalnih filtrov.
Vendar so rezultati bistveno splodngjsi in jih je mogoce upora-
biti pri vsaki polinomski minimax aproksimaciji, pri kateri so
koeficienti omejeni na kontno mnozico &tevil. Omejitev na
kon€no mnoZzico ima za posledico pojav nenicelne spodnje meje
aproksimacijske napake. Za vsako netrivialno funkcijo, ki jo
zelimo aproksimirati, obstaja spodnja meja aproksimacijske na-
pake pod katero ni mogoce priti ne glede na to kako velika je
stopnjapolinoman. Zaprakti¢ne namene je zelo uporabno poz-
nati to spodnjo mejo, ker omogoca bistveno povecanje hitrosti
branch-and-bound agoritma, ki daje optimane celostevilske
koeficente. V €lanku je podana metoda zaizratun te meje.

Kljuéne besede: kombinatori¢na optimizacija, celostevilsko
programiranje, minimaks aproksimacija, nacrtovanje digitalnih
filtrov

1 Introduction

The unconstrained polynomial coefficientswhich are eas-
ily obtained by some standard approximation algorithm,
are often called “infinite precision” coefficients. They are
typically 32-bit floating point numbers and are of course
hardly of infinite precision. But the 32-bit wordlength is
much longer than 8 or 10-bit wordlengths that we would
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like to use in practical applications. One may, for ex-
ample, wish to use afixed point DSP processor which is
cheaper and/or faster than a floating point one. The num-
ber of bits b that can be used to represent the coefficients
(of an FIR digital filter, for example) will in general de-
pend on the polynomial degree n, processor properties,
and on signal quantization. It is amost always desirable
that the coefficients are represented with a number of bits
b that isas small as possible.

Note that a digital filter is used here as an example
only (albeit an important one). The above reasoning is
much more general and holds for any device that is based
on the solution of the minimax approximation problem.
The difficulty is that solving this problem, with the co-
efficients constrained to b-bit integers, is very hard. The
problem is NP-complete and all known algorithms are ex-
ponential. They work only if the polynomial degree n is
relatively small. It was shown in [1] that it is possible
to solve the integer minimax approximation problem us-
ing the general purpose integer programming techniques.
The problem with this approach is that it is slow and may
not give the result in areasonabletime. A better approach
is to use an agorithm that is tailored to the specifics of
the minimax approximation. Such an algorithm requires
solutions of a large number of suitably redefined uncon-
strained minimax approximation problems. It is crucial
for the success of the algorithm to have a technique that
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minimizes the number of these subproblems. A lower
bound for the increase of minimax approximation error
is such atechnique and is presented in this paper.

2 Formulation of the problem

Let us start with the usual unconstrained polynomial min-
imax approximation problem in which the polynomial co-
efficients a; can be any real numbers. The class of gener-
alized polynomias p(x) of degreen is defined as

p(x) = a;®;(z), @
j=0
where®;(x), j =0,1,---,n,isapolynomial basis. Any

basis can be used as long as it satisfies the Haar condi-
tion (see [3] for the description of the Haar condition).
Note that this definition includes the usual polynomials
(®;(z) = 27, j = 0,1,---,n) and cosine polynomi-
as(®;(xz) = cosjz, j =0,1,---,n) as aspecial case.
The cosine polynomials are used in the FIR digita filter
design case, athough thisis not important here. The min-
imax approximation problem is defined as the search for
the polynomial p(z) that that minimizes the expression

1D = plloc = max [W(@)(D(@) = pla))]. (@)

D(z) isthereal function that is to be approximated, the
weighting function W (z) is by definition real and posi-
tive, and theinterval [a, b] is asubset of thereal line.

Let p*(z) be the optimal approximation to D(x)

p) =) a;;(x),
=0

D =P lloc <D = pllos, V().

Several algorithms, from linear programming to various
versions of the exchange algorithm, can be used to find
p*(x) [3]. Finding the p*(z) is considered an easy pro-
blem. The main reason for this is the following well-
known property of the optimal minimax approximation:
There are exactly n + 2 so called extremal pointsin [a, b]
at which the approximation error achieves its maximum.
Letx;, 1 =0,1,---,n+ 1, bethese extremal points. The
following equations hold

©)

W () (D(x:) — > ai®;(2:)) = (-1)'h*, ()
j=0
fori =0,1,---,n+ 1, and |h*| is the optimal approxi-
mation error.

Things change dramatically when coefficients a; are
constrained to values from a finite set of numbers. We
can, without loss of generality, make this set equal to
a set of b-bit integers {—2b~1, ... —1,0,1,---,2b71}.
Note that the integers are chosen for convenience only;
any other finite set of real numbers can be used instead.
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This will in most practical cases also require multiplica
tion of D(x) and division of W (x) by a suitable scaling
factor S. Selection of the scaling factor S is not trivid; it
will, however, be ignored in this paper because we wish
to concentrate on the lower bound derivation. In other
words, D(x) and W (z) are left unchanged, and the ap-
proximating polynomial p(x) isfrom here on defined as

p(z) = Z a;®;(x), ®)
=0

where a; € {—2°71,... —-1,0,1,---,2°71}, The pro-
blem of finding the optimal integer polynomia p(x) is
much more difficult than the unconstrained case, although
it may not appear so at first.

The problem we wish to solve can be stated like this:
What isthe lower bound on the increase of approximation
error that is caused by the b-bit integer constraint? Let us
denote this lower bound as § and define it formally as

6= min  ([[D—plle —[A7]). (6)

b-bit p(x)
Notethat  isdefined over all b-bit integer polynomials of
degree n, not just one particular p(zx).

3 Lower bound theorem

Let usinvestigate the case of aparticular polynomial p(x)
first. Assume that its coefficients a; are known and that
they are different from a;. We wish to compute § for this
p(x). A specia property of all functions that satisfy the
Haar condition is useful here[3]. It saysthat there always
exist multiplierso;, ¢ = 0,1,---,n + 1, not al zero, that
satisfy the conditions

n+1

Zazq)j(xl)zoa ]:0,17,71, (7)
=0

for any (n+2) pointsz; fromtheinterval [a, b]. Itiseasy
to see that equations (1) and (7) imply

n+1

> oip(ri) =0, ®
=0

for any p(z). Thenumberso;, i = 0,1,---,n + 1, have
avery important property. All are nonzero and their signs
dternate. That is

sign(o;4+1) = —sign(o;), i=0,1,---,n. (9

The numbers o; are needed to prove the following
theorem for the lower bound 6 when ap(z) is known:

Theorem 1 Let p*(z) be the optimal weighted minimax
approximation to a real function D(z) on the interval
[a,b] and let p(x) be any other polynomial. Then the in-
crease in approximation error ¢ is bounded by

leiW (i) (p* (i) — p(z4))], (10)

6> max
0<i<n-+1
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where z; are extremal points corresponding to p*(x) and
multipliers¢;, i = 0,1,---,n + 1, are defined as
|
n+1
> !
k=0 k
ki
1 it (—=1)°h* (p* (w:)

it (=1)"h*(p* (@) — p(2i)) <0

Ci=

—p(x;)) = 0.

(11)
Proof: The approximation error e(z) of a polynomial
p(z) isequal to

e(z) = W(x)(D(z) — p(z)). (12)
By subtracting (4) it can be rewritten as
ela) = (“LR" + W) (0" (@) = p(), g
1=0,1,---,n+1,

where z; are extremal points. The error e(z;) dependson
thesign of p*(xz;) — p(x;) relativeto thesign of (—1)A*
(W(x) is by definition positive). Let us divide the set
of extremal points {z;;¢ = 0,1,---,n + 1} into two
subsets. The subset Z,, contains points x; for which
(=1)'h*(p*(z;) — p(z;)) < 0. The rest of the points
x; form the subset Zp.

Let us examine the pointsin Zp first. Both terms of
(13) have the same sign and the error |e(z;)| is sSimply
equal to

le(zi)| = |h*| + W (i) (p"(2:) — p(z:))|, i € Zp.
(14)
This correspondsto (10) and (11) with ¢; = 1 and proves
the theorem for the pointsin Zp.
Things are more complicated for the points in Z,,.

We start by rewriting (13) as
e(z;)  (—1)n*
W) W(x;)
By multiplying each of the equations (15) with the cor-

responding multiplier o; defined in (7) and adding them
together we get

+p*(z:i) —p(zi).  (19)

n+1 o nal | ~
S ) = s a9

where (8) was used to eliminate p*(z;) — p(z;). Let z,
be any point from Z,,. Eq. (8) can be rewritten as

n+1 o n+1 o
(i) = ) (-1)'hF—— —
= W(z;) X;O: W(z:) (17)

= p(r)).

It follows from (9) that all the terms (—1)‘h*o;,i =
0,1,---,n + 1, have egual sign. Since the signs of

— o (p*(2r)

(=1)"h* and p*(x,.) — p(x,) are by definition opposite
for the pointsin Z,; we must also have

Az ag; ntl 0;

| —e(zi)| =[P _l—=—I| +
i#r i#ET

+ |0T(p*(mT) _p(mr))‘7 Tr S ZM

The maximum absolute error e,,,, over al extremal
points z; is defined as

le(x)l,

and it now follows from (18) that e, isbounded by

g,
||

W(zy
emaay 2 |h*|+n+1¢

> iy

i#ET

(19)

max

e =
AT 0<i<nt1

W(z,)|p*(z,) — p(z,)|.

(20)

This is exactly what the theorem states for the points in

Z nr and completes the proof. 0

Theorem 1 can be used to compute the lower bound

o0 for agiven p(z). The ¢;s are easily obtained from eq.

(12) since thesign of (—1)h*(p* (x;) — p(z;)) is known.

But we are not redlly interested in the case of a single

p(x). Instead, we need a lower bound ¢ that holds for all

p(x) with integer coefficients a;. This lower bound will
be derived in the next section.

4 Lower bound over all integer polynomials

To compute a lower bound over al integer polynomials
p(x), it is necessary to express § as a function of differ-
encesa; —aj, j =0,1,---,n. Thiswill be donefollow-
ing an approach similar to the one used in [4]. We start
by writing the following system of n + 2 equations with
n -+ 2 unknowns

W)

e(zi) < 0 — D (s
W(I7)_7:ZO( ] J)éj( Z)+

i=0,1,--,n+1,

(21)

where equations (4) and (13) were used. The unknowns
aea; — a; and h*. The system matrix isidentical to the
onein (4) which is already solved to get a}. This means
that (21) is always invertible. The inverse can be written

n+1 6( )

a; a;= E gjiIV(in)’ j=0,1,---,n,
i=0 (22)
n+1

e(z;)
W= b li T
;9 +1 W(xz)

where g;; are the elements of the inverted matrix. To ex-
press the differences a} — a; in terms of p* (z;) — p(z;)
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insert (13) into (22)

n+1

a —a;= Z g]v 7 ( ) IEV(lw): h*)7
n+1 ( ) (23)
Z gn+11 lz - ($1)+ W(.%‘l) h*)

Setting a; = a} for dl j givesp(z) = p*(x) for al z and
the following property of matrix [g,;] iSrevealed

n+1
Zg]’b =0,

n+1

Z gn-‘rlz

Equations (23) can be rewritten as

jzoalv"'anv (24)

(25)

n+1
aj - aj:Z g5i(p* (z
i=0

n+1

0 Z gnJrlz xz

A very useful property of the coefficients g,,,1; follows
from (27). Since p(x) can be any polynomial it is obvious
that g,,.1; are the multipliers o; described in (7) and (8).
This means that the signs of g,,11; aternate as

i) _p(xi))a .] = Oa 1. m, (26)

— p(i)- (27)

sigh(gn+1i+1) = —sign(gn+1i), 1 = 0,1+, n. (28)
Before continuing let us first simplify the notation by
defining the modified matrix [t ;]

(=1)gji
W(z;) '

The matrix [t;;] has the following properties that come
directly from (24) and (25)

tj; = sign(h™) 4,0=0,1,---,n+1. (29

n+1
D ti=0, j=0,1,---,n, (30)
=0
n+1
Z tny1i =sign(h®). (31)
i=0

Let us now uset;; instead of g;; and multiply and divide

each termin (26) and (27) by (—1)%c;W (x;)
n+1
aj *afZ—SIgn (W) (1) W () (0 () = ),

n+1
0= Z ”H’ Ve W (i) (p* () — p(z:)).
(32)

These equations contain the terms ¢; W (z;)(p*(z;) —
p(x;)) that appear in Theorem 1. It follows from (32)
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that the lower bound ¢ is equal to
5> o Jax le:W () (p™ (x:) — p(z4))]
o max | 1%~ 9l (33)
T o<j<n | Al

Z\”

Thereisasmall problem here becausethesign of p*(z) —
p(zx) isrequired by (11) in order to compute ¢;s. But this
iseasily solved since (33) assumesthat the signs of all the
termsin (32) are equa. Or formally

sign(aj—a;) = sign(t;; sign(h*)(=1)"(p* (z:)—p(x:))),
(34)
for al i and j. This means that the (—1)h*(p*(z;) —
p(xi)) < 0 criterion in (11) can be replaced by ¢;;(a} —
a;) < 0. Itisagain convenient to divide the points z; into
the subsets Z,,; and Zp;
Zyy o if

xT; € )
{ ij if

Note thet ¢; = 1 for x; € Zp; if a;f —a; > 0 and for
x; € Znj if af —a; < 0. The denominator of (33) can
be written as

tji < 07

35
ti; >0. (39)

Z Lii Z tji ifa; —a; <0

n+1

§ : |tj_74‘ _ szZPJ T; GZM]
im0 i Z Z —Ifa —a; > 0.
x,€Zp; JLLEZMJ

(36)
L et us now remove the assumption about knowing the
coefficients a;. Thisis necessary in order to get the lower
bound for § (egquation (6)) which isvalid over al integer
polynomials p(x). For any set of optimal coefficients a;
there exist integers a;+ and a;_ that are the nearest up-
per and lower neighbors of a. In other words, a; isan
integer that gives the smallest (in an absol ute sense) nega-
tive difference a} —a; and a;— isaninteger that givesthe
smallest positive difference a} — a;. Having a;+ and a;—
it is easy to compute 6 by ssimply inserting a;+ and a;_
with the corresponding part of (36) into (33). The lower
of two values § is our lower bound because it is obvious
that there are no integer coefficients a; that could possibly
give lower deviation increase.

5 Improved lower bound

Thelower bound § that can be computed by (33) and (36)
depends on the partitioning of extremal points x; into the
sets Zp; and Zy;. It follows from the set definitions (35)
that partitioning into Zp; and Z,,; depends on the sign
of ¢;; only. Thissign, however, can be easily changed by
multiplying the lower of the equations (32) with asuitable
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factor f and subtracting it from the other equations. The
new set of equations

- ft
* ji — JInt+1i . * i
R v Sl ) (=1)¢ -
@y = ) S st () -

leads to an improved lower bound. Note first that a spe-
cial property of the matrix coefficients ¢,,1; ensures that
factors which make Zp; or Z;; empty aways exist. We
see from (28) and the definition (29) that

sign(tn+1i+1) = sign(tn_,_u), 1= 0, 1, e, n. (38)
But the | eft side of the lower of equations (32) is zero; this
meansthat ¢,,11, can always be multiplied by —1 without
any changeto the left side. The coefficients ¢,,,1; in (37)
can therefore always be used asif they are positive.

Let us now define the factor f = f,,,; which makes
the set Zp; empty. It follows from (36) that thisis useful
for aj — a; < 0 and occurs when

t]b_f’mj|t”+1i| <Oa i:O717"'7n+17 (39)
where the absolute values of ¢,,.1; are used to take advan-
tage of the fact that, as discussed above, they can be used
as positive. Before continuing let us simplify the notation
by defining the modified coefficients t;-i

‘thrli‘
Factor f,,; is nonzero and positive because it follows
from (30) that there is always at least one positive ¢;;.
Since al theterms ¢;; — fu,;|tn+1:| ae negative the up-

per of equations (36) becomes equal to

n+1 n+1
Z\C“ | == (ti = Fnjltnsai) = fmj- (40)
=0 v i=1

Properties (30) and (31) of ¢;; were used in (41). Factor
fm; should be as small as possible. The smallest possible
fm; that satisfies (39) is equal to

Fmj = 0<igni1 tji
where 7 = i, denotes the index ¢ at which the maximum
isobtained. A similar factor f = f,,; which makesthe set
Zr; empty must satisfy

=t

Jio

(42)

tii — fpjltnt1il >0, i=0,1,---,n+1. (43)
The factor f,,; is nonzero and negative because there is
always at least one negative ¢ ;;. The equation for f,,; is

n+1 n+1
Z| ”| = (i = fojltagril) = —foj. (44
=1

Agai n, the factor f,; should be as small (in an absolute
sense) as possible. The smallest possible f,; isequal to
(45)

/
;= [[]ln t = t
Is 0<i<nt1 It T

where i = i again denotes the index ¢ at which the mini-
mum is obtained.
Equation (33) can now be rewritten as

a¥ —a;\ .
i) ifat—a; <0
0<j<n \ —fmj 7o

max
*
a;, —a;
J .
J if a; —a; > 0.
0<j<n \ —fpj

pj

5> (46)

This equation does not need the multipliers ¢; at all and
is remarkably easy to compute. However, we still need
to prove formally that it gives a better lower bound than
(33). Thisisdonein the following theorem.

Theorem 2 Partitioning of extremal points x; by factors
fmj or fp;, defined by (42) and (45), always leads to a
lower bound ¢ that is at least as good or better (higher)
than the bound which does not use f,,,; or fp;.

Proof: The ¢ that uses f,,; and f,; (46) and ¢ that does
not use them (33) differ in the denominators only. Prov-
ing that using f,,,; and f,; resultsin better lower bounds
is therefore equivalent to proving that their denominators
are lower (in an absolute sense). In order to do this ex-
amine the multipliers ¢; which are defined by (11). Tak-
ing into account that ;s are equivalent to g,,+1;S (see eq.
(28)) we get

| a; | | In+1i |
_ W(ajl) W(IZ) ‘tn+lz|
L n+1 O'k - n+1 g . - n+1
n+
tnt1k
k#1 k;ﬁ1

(47)
where definition (29) was also used. According to (31)
the sum of al |¢,,.1x| equals 1 and ¢;s are also equal to

11

C_i N ‘tn-&-1i|

—1, i=0,1,---,n+1.  (48)
Let ususethisand prove the case a} — aj < 0 first. The

denominator in (33) is given by (36) and can be rewritten

> > ti=

C;

T, €EZp; T, €405 (49)
Dt =Dt D ti= D i
T €EZp; T, €EZp; T €20 T, €EZp;
where} ;. tiit) ez, tii = 0comesfrom (30).
Since f,; is defined by (42) thereis also
S ty=tmit >t (50)
T, €EZpj i€Zp;
iig

Now f,,; is postive and so are dl the t’; in Zp;. The
absolute value of (50) cannot be lower than | f,,,;| and the
theorem is proved for a} — aj < 0. The proof for a} —
aj > 0isamost identical and need not be repeated.
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6 Levd 2lower bound

The lower bound derived in the previous section can be
significantly improved if 2 (or more) equations from (37)
are multiplied and subtracted. We will call this “level 2
lower bound”. Let us start by multiplying the equation
j = k with afactor « and subtracting it from equation
j = 1. Equations (37) are replaced by

n+1

a; —ar—y(aj, — ar) =Y (tji — Vtri — ftog1i)-
=0
-sign(h*)(=1)'W () (p* (i) — p(:)),

where ¢;s are now omitted. Following the same approach
as before we define factors f = fu and f = fpx 8s

(51)

tli_'ytki_f7nlk|tn+1i| <Oa i:Oa"',n“r‘l, (52)

tii — Vtki — fpikltnt1s] >0, 9=0,---,n+1. (53)
The smallest f,,,;i that satisfies (52) is

Sk = max (tj; —yty;) =t — Vi, > (54)

0<i<n+1
where i = 14y again denotes the maximal index. The
smallest (in an absolute sense) f,;; that satisfies (53) is
similar (max is replaced by min). The level 2 lower
bound ¢, (equations! and k) for a —a; —~(aj —ax) < 0
can now be written as

af —

P az—’Y(aZ—ak)
lk —

_fmlk
and asimilar equation can be written for a; —a; —y(aj, —
ax) > 0. The lower bound §;;, is a function of v which
must be chosen so that §;;, is as high as possible. To find
such +y it is necessary to solve the following optimization
problem: Find ~ to

; (55)

*_

af —a; —y(a; — ak)

maximize (56)
7.fmlk
ngjeCt to t; — ’)/tkz - fmlk|tn+1i| < 0; (SD
1=0,1,---,n+ 1.

This problem describesthe case a} —a; —y(aj —ax) < 0.
The other case is almost identical with f,;;, replacing
frmuk- 1t is obvious that any algorithm that solves the
above aso solves the f,;; case. The objective func-
tion (56) is nonlinear (f,.;x is a function of ~) while
the constraints (57) are linear. This type of optimiza-
tion problem is usualy solved by the so-called gradient-
projection method and is not very difficult. To see how the
agorithm works let us rewrite (55) by using f,.;x from
(54 . (a )
a; —ap —y\ap — Gk
Ok = iy = Vhiy ’ (59
where i is the maximal index for a given . The first
derivative of (58) isequal to
(aj — al)t%z'o — (ap — ak)ﬁio

d oy,
= - . (59
dvy (tfio - 'Ytkio)z
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Itisclear that if v isreplaced by v + A~ so that

d
sign( dillyk)A’y >0, (60)

the lower bound §;; will increase provided that the max-
imal index iy does not change. In other words, A~y must
be small enough. Note that the sign of the derivative
(59) changes only when i is no longer the maximal in-
dex as defined in (54). The maxima A~ which does not
change i, is limited by (54) when the following equality
isreached for some i

t;io - (v+ A’Y)t;u'o =ty — (v + Ay)ty,; - (61)
This givesthe limit for A~y
. tiy = i
Ay = min | 22—+ -7,
0<i<n+1 tkio — th;
#io (62)

sign(ddifyk)Av > 0,

where only indicesi giving A~ that satisfies (60) are used
in the search for minimum. It is useful to denote the min-
imal index ¢ = ¢; and rewrite (62) as
Ay Hio =t
rio — T
The algorithm that solves our optimization problem
can now be described. The steps are as follows:

(63)

1. Start with v = 0 and find the maximal index iy from
(54) for [. Thisindex is because of v = 0 identical
to thelevel 1index given by (42) (if a; —a; > 0 use
(45)). Computethelevel 1 lower bounds §; and §;, at
index ig. If §; > 6y, or in other words, if

* *
a; —a a, —a
1 l> k k

T Y
go to step 2 else exchange equations [ and & (multi-
ply equation ! by -~ and subtract it from k) then go to
step 2. This exchange ensures that -+ isfinite.

2. Compute the derivative (59) and keep its sign.

3. Use (62) to compute A~ and the minimal index ;.
Stop if no A~ isfound or if Ay = 0.

4. Replace v by the new value

Y=+ Ay, (65)
and compute d;;, using (58).
5. Replace index iy by the new value

6. Compute the new derivative (59) and compare its
sign with the previous one. If they are the same, re-
turn to step 3 for the next iteration, or el se stop. Note
that both 7 = iy and 7 = 4; must now be excluded in
the search for the minimum in (62) since we would
always get Ay = 0 otherwise.



Theagorithm isrobust and typically needs 2 or 3 iter-
ations before the optimal v and §;;. are found. The level 2
lower bound 4;;, that is computed by the algorithmisvalid
for a given a; and a;. Note that the algorithm automati-
cally takes care of the sign of a] — a; — y(a}, — ax) (or
a; — a —v(af — a;)) if the exchange was done in step
1). Thismeansthat it is no longer necessary to treat cases
fmix and fpp;, separately.

It is, however, necessary to check all possible combi-
nations of integersa; and a;, to get thelevel 2 lower bound
over al possible integer coefficients. In other words, we
must find

min 6lk . (67)

This is not difficult because the function (58) for §;; is
convex and al local optima are global. Still, it is neces-
sary to compute ¢y, for al pairsof a;—, a;+ and ax—, ax+
and then check if adding +1 or —1 to either possibly re-
duces d;x. A new optimal v must be computed each time.

7 Experimental results

Thelevel 2 bound § wasimplemented in aprogram for the
optimal finite wordlength FIR digital filter design. The
program is based on the branch-and-bound algorithm.

Sixteen filters with five different sets of frequency-
domain specifications, denoted A through F, were used
for testing. The frequency specifications are identical to
those that were used in [2]. A is a low-pass filter with
W (z) = 1 in passband and stopband. B isthe same, ex-
cept the stopband has W (z) = 10. C is abandstop filter
with W(z) = 1 in all bands, while D has W (z) = 10
in the stopband. E isalow-passfilter similar to A whose
passband and stopband do not include z = 0 and z = .
We denote by A15/5 the filter design problem for spec-
ification A, length 15 (8 independent coefficients), and
b = 5 bits (sign included); and similarly for A25/5,
B15/7, and so on.

Table 1 shows a summary of the results, comparing
the number of branch-and-bound subproblems that must
be solved when lower bound § is used and when it is not
used. The results show a significant improvement which
averages at about 2.5.
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